We determine the curvature equations of natural metrics on tangent bundles and radius r tangent sphere bundles S r M of a Riemannian manifold M . A family of positive scalar curvature metrics on S r M is found, for any M with bounded sectional curvature and any chosen constant r.
Introduction
This article continues the study of some structures which identify the tangent sphere bundles S r M = {u ∈ T M : u = r} of a Riemannian manifold (M, g) with variable radius and weighted Sasaki metric. We use the same notation from [1] .
Throughout, we assume that M is an m-dimensional manifold with a Riemannian metric g and a compatible metric connection ∇ on M. The latter induces a splitting of T T M = H ⊕ V with both H, V parallel and isometric to π * T M. We have a map θ ∈ End T T M, which identifies H with V , sends V to 0 and is parallel for ∇ * = π * ∇ ⊕ π * ∇. The manifold T M is endowed with a canonical vertical vector field ξ, defined by ξ u = u. It is known as the spray of the connection since π * ∇ X ξ = X v and this projection has kernel H.
We continue our study assuming metrics of the kind g
where f 1 , f 2 are given by
for some functions ϕ 1 , ϕ 2 on M. Obviously we let these functions be composed with π when considered on the manifold T M. Recall the well known Sasaki metric is just g S = g 1,1 = ·, · with H induced by the Levi-Civita connection. We remark the addition of a third component f 3 µ ⊗ µ, where µ = (θ t ξ) ♭ , gives a metric with interesting properties on S r M, rather than the more studied Cheeger-Gromov metric.
We treat all vectors equally and use canonical projections X = X v +X h when necessary, since we do not recur to lifts of tangent vectors on M to either sections of H or V . We wish to concentrate on tensors defined on T M. Notice the holonomy Lie algebra of any of the metrics above remains unknown in general, even if M is any irreducible Riemannian symmetric space. Our main objective here is to envisage a solution to that problem and so we compute several curvature formulas. The geometry of tangent bundles has had much attention in the past and the Riemannian curvature of the Sasaki metric has been found (cf. the references in [1, 3, 7] ). Regarding the radius r tangent sphere bundle with the induced metric from g f 1 ,f 2 we achieve in Theorem 1.2 a generalisation of a result from [6] : if M has dim ≥ 3 and bounded sectional curvature, and f 1 is sufficiently large or f 2 is sufficiently small, with both constant, then S r M has positive scalar curvature. Our purpose with this study is also towards the geometry of the so called gwistor bundle, which is the natural G 2 -structure existing on S 1 M for any oriented Riemannian 4-manifold.
Parts of this article were written during a sabbatical leave of the author at the PhilippsUniversität Mathematics Department, Marburg. He wishes to thank their great hospitality and the excellent time spent there.
Computing the curvature of T M
Let ∇ = ∇ g denote the Levi-Civita connection of M. As one of the few cases one can cope with, we study the curvature of G = g f 1 ,f 2 where f 2 = e 2ϕ 2 is a function on M and f 1 is a constant. We define δ = 
The first connection is metric on the vector bundle V . The tensor R ξ is given by
We recall, for a moment, that if ∇ ′ = ∇ + C and ∇ are two connections on a vector
where
and
with X, Y vector fields and Z a section of L. Now, we have to compute several d ∇ derivatives of our structure, where ∇ = ∇ * ⊕ ∇ * respecting the splitting H ⊕ V . Recall the formula already implicitly used,
for this is a tensor. Assuming the reader is by now familiar with the notation, we shall let fall the asterisk wherever possible and abbreviate R ∇ = R.
Let A ∇ X R ξ be defined (in the same way as the tensor A is defined):
Again we have the properties
Proposition 1.1. We have:
2. For any vector fields:
First we find
Recalling the torsion of ∇ * is R ξ , cf. [1, Proposition 5.1], we then have
as we wished.
In a very similar computation as the above we find:
Now, we want to compute the curvature of ∇ G . As the reader might see, the develop-
So we shall proceed with two particular cases. The first is well at hand. The second is in the next section.
Then the Riemannian curvature tensor of T M with metric G = g f 1 ,f 2 is given by
where ǫ = grad ϕ 2 .
Proof. After some computations we find
The case when grad ϕ 2 is parallel may be further developed. Straightforward computation yields the following result. 
Hence on points x where grad ϕ 2 = 0 the fibres T x M are hyperbolic totally geodesic submanifolds.
In the previous conditions, we observe that the equations of a geodesic curve Θ in T M appear as:
So it would be interesting at least in this case to solve the problem of knowing when is ∇ 
Curvature of
The second particular situation we must try to investigate is when f 2 is a constant. So we continue with ∇ = ∇ g the Levi-Civita connection of M. We may write simply
The connection D * = ∇ * ⊕ ∇ * , so we write it as ∇. Since R ξ ∧ R ξ = 0, the curvature of
Notice R ∇ stands for R ∇ * ⊕R ∇ * . Some parts of the tensor R G were computed in Proposition
The others parts do not simplify nor cancel each other, as the reader may notice reading their nature in H ⊕ V . Let e 1 , . . . , e m be a real g-orthonormal basis of T M at a given point. This is immediately lifted to H and then to V by θ, giving a g S -orthonormal basis. Writing
we have the Gauss-Codazzi type equations
Also
and, clearly,
The simplification in formula (27) is due to property 2 in Proposition 1.1. In order to find the Ricci curvature of G we let
The same we agree in denoting R with the metric g. We only need
and of course R
The simplification in formula (32) is due to property 2 in Proposition 1.1 and the skew-symmetries of R. Henceforth the Ricci curvature of G, the trace of the Ricci endomorphism, is given by
And the scalar curvature is
where R ξ ijk = R ξ (e i , e j ), θe k = R(e i , e j )u, e k on each point u ∈ T M. Of course, ric and S above denote respectively the Ricci and scalar curvatures of M.
The following result generalises another from [9] strictly for the Sasaki metric.
Proof. If T M is Einstein then S G is constant. In the present case it has a quadratic part
It is worth recalling the following results. The Sasaki metric of T M is locally symmetric if and only if M is flat ( [5] ). And, regarding what we continue studying next, the tangent unit sphere bundle is locally symmetric if and only if (M, g) is flat or locally (S 2 (1), g std ).
Conformally flat is stronger: reserved for the locally standard 2-sphere (cf. [3] ). More recently it was proved semi-symmetric is the same as locally symmetric ( [4] ). 
where the sum respects the orthogonal decomposition T Q ⊕ T Q ⊥ . Passed the formality, ∇ X Y is the Levi-Civita connection of Q. The clearly symmetric tensor
is called the second fundamental form. Its trace H α is the mean curvature vector. Let Proof. Indeed we have ξ, ξ − r 2 = 0 defining the submanifold. Differentiating, X( ξ, ξ − r 2 ) = 2 ∇ * X ξ, ξ − 2rX(r) = 2( X v , ξ − rX(r))
we find the tangent space.
In order to write the second fundamental form, we may write α as a scalar tensor:
with U G a unit vector field defined on S r M and such that U G ⊥ G T S r M. Writing
for some functions a, b, we find the solution a = −δbr and b = 1 r f 2 + δf 2 τ 2 (46) where δ = f 2 /f 1 and τ = grad r .
